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Abstract
In this note we show the marked length rigidity of symmetric spaces. More precisely, if X and Y are
symmetric spaces of noncompact type without Euclidean de Rham factor, with G1 and G2 corresponding
real semisimple Lie groups, and 1 ⊂ G1; 2 ⊂ G2 are Zariski dense subgroups with the same marked length
spectrum, then X =Y and 1; 2 are conjugate by an isometry. As an application, we answer in the a5rmative
a Margulis’s question and show that the cross-ratio on the limit set determines the Zariski dense subgroups
up to conjugacy. We also embed the space of nonparabolic representations from  to G into R.
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1. Introduction
Since the Mostow rigidity theorem [23] spurred the study of symmetric spaces, much research
related to this area has been expedited by the pioneers like Margulis, Gromov and many others. They
showed many rigidity theorems about symmetric spaces using the ergodic theory and the geometry
of negatively curved manifolds.
In this note, we follow their path to prove rigidity theorems of symmetric spaces. Much study of
lattices has been done, yet the study of general co-in@nite volume groups is relatively less carried
out. For this reason, we want to characterize generic groups, namely Zariski dense subgroups (not
necessarily discrete) of the isometry group of symmetric space of noncompact type, in terms of the
marked length spectrum. It is said that two groups 1 and 2, acting as isometries on two symmetric
spaces of noncompact type, have the same marked length spectrum, if there is an isomorphism
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 :1 → 2 such that l()= l(()) for all ∈1 where l(	)= inf x∈X {d(x; 	x)}, X is a symmetric
space on which 	 acts, denotes the translation length of an isometry 	. We show the following
theorem.
Theorem A. Let X and Y be symmetric spaces of noncompact type without Euclidean de Rham
factor. Let 1 and 2 be Zariski dense subgroups of real semisimple Lie groups Iso0(X ) and
Iso0(Y ), respectively. If there is a surjective homomorphism  :1 → 2 preserving the translation
lengths, then X is isometric to Y , and 1, 2 are conjugate by an isometry.
This theorem can be viewed as a version of the Mostow rigidity for Zariski dense subgroups.
Namely if there is an isomorphism between two Zariski dense subgroups, the isomorphism extends
analytically to the whole groups if it preserves the marked length spectrum. This theorem is already
known for symmetric spaces of rank one [16,5] and their product [17]. The method used in [16,17]
is based on the cross-ratio and the Carnot–Caratheodory geometry on the ideal boundary. For simple
groups, see [9].
Along this line, Besson et al. [3,14] showed that if M is a negatively curved locally symmetric
compact manifold and N is an arbitrary negatively curved manifold which has the same marked
length spectrum with M , then they are isometric. In fact, it is conjectured that two negatively
curved compact manifolds with the same marked length spectrum are isometric. In this direction the
conjecture is proved for the surface case in [6,8,24]. For dimension greater than or equal to 3, it
is proved in [7] that if there is a C0 conjugacy between unit tangent bundles of two nonpositively
curved manifolds M and N such that M has rank at least 2, then two manifolds are isometric.
This kind of rigidity holds even for nonriemannian manifolds which admit special geometric
structures, such as convex real projective manifolds [19] and a5ne manifolds with Margulis invariants
[20].
Now we brieKy explain the main idea of the proof. Let  :1 → 2 be a surjective homomorphism
preserving the marked length spectrum where 1 ⊂ Iso0(X ), 2 ⊂ Iso0(Y ). Let Z be the smallest
totally geodesic subspace in X × Y , left invariant under the graph  = {(; ())|∈1}. Then the
same marked length spectrum implies that the geometric boundary of Z has slope 1, where the
slope is the natural direction associated with the Riemannian product X × Y . Finally the fact that
the geometric boundary of Z has slope 1, gives an isometry between X and Y . We hope that the
method developed here can be used for a general negatively curved manifold in a near future.
As an application of this theorem, we answer in the a5rmative a Margulis’s question raised
during the rigidity conference at Paris in June 1998. Denote () a unique element in a Weyl
chamber A+ which is conjugate to the hyperbolic component of  in the Jordan decomposition, and
denote log : A+ → a+ a natural map from a Lie group to its Lie algebra.
Theorem B. Let G be a higher rank real semisimple Lie group of noncompact type, and 1; 2
Zariski dense subgroups with a surjective homomorphism  from 1 to 2. If log () =
k() log (()) for all elements ∈1, then 1 and 2 are conjugate.
A more elementary and algebraic proof of Theorems A and B is given in [10]. But in this paper
we use more geometric methods which can be possibly used for general Hadamard manifolds, and
as a consequence we deduce more corollaries.
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From Theorem A we deduce two corollaries. For any hyperbolic isometries g and h, one can de@ne
the cross-ratio (g; h) de@ned by them, see Section 6. The following corollary is a generalization of
the results in [17].
Corollary C. Let  :1 → 2 be an isomorphism between Zariski dense subgroups in real semi-
simple Lie groups. Then the followings are equivalent.
(1) 1 and 2 are conjugate.
(2) 1 and 2 have the same marked length spectrum.
(3) (g; h) = ((g); (h)) for any hyperbolic elements g; h∈1.
A representation :  → G is called parabolic if the image () is contained in a parabolic
subgroup of G, otherwise called nonparabolic. Let Rnpnk be the space of nonparabolic representations,
up to conjugacy, from a group  into a real semisimple Lie group G of noncompact type without
a center, whose Zariski closures do not contain any compact factor.
Corollary D. A map
l: Rnpnk → R
de7ned by → (l(()))∈ is an injection.
2. Symmetric spaces of noncompact type
The best way to describe a symmetric space of noncompact type is through the language of
Lie group. Any symmetric space can be decomposed into the product of a Euclidean, a compact
type and a noncompact type symmetric space. In this paper we are concerned with a noncompact
type symmetric space, equivalently a symmetric space with nonpositive sectional curvature without
Euclidean factor. Such a symmetric space X can be identi@ed with G=K where G is a real semisimple
Lie group of noncompact type with trivial center and K is a maximal compact subgroup. The group
G is identi@ed with the identity component of the isometry group of X and K is identi@ed with
an isotropy group of some point x0 in it. In general G is decomposed into a direct product of
noncompact simple groups Gi without center and X into a product of irreducible symmetric spaces
Xi. Each Gi is a normal factor of G and only normal subgroups of G are the products of Gi. Denote
the Lie algebra of G (respectively K) by g (respectively t). Then there is a direct sum decomposition
g= t⊕ p
with a Cartan relation [t; p] ⊂ p; [t; t] ⊂ t; [p; p] ⊂ t. The killing form B de@ned by
B(Y; Z) = Tr(adY ◦ adZ)
is negative de@nite on t and positive de@nite on p. Identifying p with a tangent space of X at a
point x0, one obtains a G-invariant Riemannian metric on X . The sectional curvature is given by
K(Y; Z)=−‖[Y; Z]‖2. Let a be a maximal abelian subalgebra of p. One calls the dimension of a the
rank of the symmetric space X . Note (exp a)x0 is a maximal Kat in X through x0 ∈X .
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By the standard theory of Lie algebra, one obtains the root space decomposition of g
g= g0 ⊕
∑
	∈#
g	:
The set asing = {H ∈ a|∃	∈#; 	(H) = 0} of singular vectors divides a into the @nite number of
components called Weyl chambers. Fixing a component a+ amounts to choosing positive roots
#+ = {	∈#|	(H)¿ 0; ∀H ∈ a+}:
Furthermore if one sets
n± =
∑
	∈#±
g	
one obtains the Iwasawa decomposition KAN where N = exp n+. A fundamental system ' ⊂ #+
is a basis of the root system such that any element in # is an integral linear combination of the
elements in ' with the coe5cients the same sign. A geometric boundary (or ideal boundary) 9X
of X is de@ned as the set of equivalence classes of geodesic rays under the equivalence relation that
two rays are equivalent if they are within @nite HausdorM distance each other. For any point x∈X
and any ideal point (∈ 9X , there exists a unique ray x( starting from x which represents (.
3. Jordan decomposition and the limit cone
An element g of a real reductive connected linear group can be uniquely written
g= ehu;
where e is elliptic (all its complex eigenvalues have modulus 1), h is hyperbolic (all the eigenvalues
are real and positive) and u is unipotent (u − I is nilpotent), and all three commute [15]. This
decomposition is called the Jordan decomposition of g. If G = KAN is any Iwasawa decomposition
of a semisimple Lie group G, e is conjugate to an element in K , h is conjugate to an element in A,
and u is conjugate to an element in N [15]. The translation length l(	) of an isometry 	 is de@ned
by
inf
x∈G=K
d(x; 	(x)):
The following proposition is proved in [11].
Proposition 1. Let G be a real semisimple Lie group. For g∈G, if g= ehu is the Jordan decom-
position, then l(g) = l(h).
Fix a closed Weyl chamber A+ ⊂ G and denote  :G → A+ the natural projection induced from the
Jordan decomposition: for g∈G, (g) is a unique element in A+ which is conjugate to the hyperbolic
component h of g= ehu. Note that (gn) = (g)n since gn= enhnun. For g∈ SL(n;R), log (g) is the
vector in a+ whose coordinates are logarithms of the absolute values of eigenvalues of g arranged in
a decreasing order. Since l((g)) = |log((g))|, from Proposition 1, we get the following corollary.
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Corollary 1. Let G be a real semisimple Lie group, and g= ehu in G in its Jordan decomposition.
Then |log((g))|= l((g)) = l(h) = l(g).
Let !op be the element in the Weyl group of a which maps a+ to −a+. The opposite involution
i : a+ → a+ is de@ned to be: for X ∈ a+, i(X )=Ad!op(−X ). The limit cone L of  is the smallest
closed cone in a+ containing log(()). Benoist [1] showed
Theorem. Let G be a real linear connected semisimple Lie group. If  is a Zariski-dense sub-
semigroup of G, then the limit cone is convex and its interior is nonempty. If  is a Zariski dense
subgroup, then L is invariant under the opposite involution i. Moreover the limit set of  in any
Weyl chamber at in7nity, if nonempty, is naturally identi7ed with the set of directions in L.
4. Rigidity criterion of symmetric spaces
In this section we give a proof of the main theorem using the ideas in the previous sections.
Though the following proposition is well known to experts, yet not available in references, we give
a proof here. First we record a lemma for reader’s convenience.
Lemma 1. The following are equivalents:
(1) H is not contained in any proper parabolic subgroup of G.
(2) Every subgroup of G containing H is reductive.
(3) H does not normalize any nontrivial unipotent subgroup of G.
Proof. (1⇒ 3): Follows from the fact that a subgroup normalizing a nontrivial unipotent subgroup
is contained in a proper parabolic subgroup ([22]).
(2 ⇒ 3): If H normalizes a unipotent subgroup U , then NG(U ) is a nonreductive subgroup
containing H .
(3⇒ 1): Suppose H ⊂ P where P is parabolic subgroup. Then NG(P)=P and the unipotent part
Pu of P is a maximal connected unipotent subgroup in G [4]. Then clearly H normalizes Pu.
(3⇒ 2): Suppose some subgroup L containing H is not reductive. Then the unipotent radical Ru
of L is a nontrivial normal subgroup of L. This implies that H normalizes Ru. See also [12].
Proposition 2 (Geometric criterion for Zariski density). Let X be a symmetric space of noncom-
pact type and G an associated real semisimple Lie group. Then  is Zariski dense i= it does not
globally 7x a point in the geometric (= ideal) boundary of X and the identity component of the
Zariski closure of  does not leave invariant any proper totally geodesic subspace in X .
Proof. Let H be the identity component of the Zariski closure of .
If  is Zariski dense, H would be G and certainly G does not @x a point at in@nity, neither
leaves invariant any proper totally geodesic subspace. The same is true for .
To prove the converse, if H is contained in a proper parabolic subgroup, H would @x a point at
in@nity, so H is not contained in any proper parabolic subgroup. Then by Lemma 1, H is reductive.
Let H = ST be the Levi decomposition into the semisimple group S and the torus T which is the
identity component of the center of H .
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If T is not the identity, there exists a Kat totally geodesic submanifold F such that T leaves F
invariant and F=T is compact [13]. Let C be the union of all totally geodesic submanifolds which are
parallel to F . Then C is left invariant by H and is isometric to F×N for some closed convex subset
N of X (see for example [11, Proposition 1.6.7]). If C is possibly with boundary, it is contained
in a totally geodesic submanifold Y and H leaves invariant Y . Since X does not have a Euclidean
factor and Y has a Euclidean factor F , Y is a proper totally geodesic subspace invariant by H .
We thank Eberlein who kindly showed this argument to us. This contradicts to the assumption, so
T must be the identity. So H is semisimple, and there is a point x∈X such that Hx is a totally
geodesic subspace. See [21, Lemma 7.21] or [11]. By the assumption Hx must be X , which implies
that H = G.
Theorem 1. Let X and Y be symmetric spaces of noncompact type such that G1 and G2 are
corresponding real semisimple Lie groups with trivial center. Let 1 ⊂ G1 and 2 ⊂ G2 be Zariski
dense subgroups such that there is a surjective homomorphism  :1 → 2 which preserves the
translation lengths. Then X and Y are isometric, and 1; 2 are conjugate.
Proof. We consider the symmetric space X × Y and the group  = {(; ())|∈1}. Let G be
the identity component of Zariski closure of  in G1 ×G2. Then G is semisimple by the following
reason. Denote Pi a projection from G into each factor Gi. Since Pi(G) is normalized by i and
i is Zariski dense, Pi(G) is normal in Gi, and since Pi(G) contains i, so Pi(G) = Gi. Let R be
the radical of G. Since the projection map is a continuous homomorphism, Pi(R) is a connected
solvable normal subgroup in Pi(G) = Gi. Since Gi is semisimple, Pi(R) is the identity. So R is the
identity and G is semisimple.
Let Z = Gx be a totally geodesic subspace left invariant by G as in the last part of the proof of
the previous proposition. It is a symmetric space again [15]. One can de@ne the slope in X × Y as
a natural direction associated with the Riemannian product. More rigorously, if z=(x; y)∈X × Y is
@xed, 9(X × Y ) can be identi@ed with 9X × 9Y × [0;∞] by associating v= (v1; v2)∈ Sz(X × Y ) to
(v1=|v1|; v2=|v2|; |v1|=|v2|)∈ Sx(X ) × Sy(Y ) × [0;∞] where S(X ) denote the unit tangent bundle. The
real part in [0;∞] is called a slope. We want to show that 9Z ⊂ 9X × 9Y × {1}.
Note that Pi(G)=Gi implies that the projection 5i of Z into each factor is surjective. Let A1x; A2y
be maximal Kats in X and Y so that a maximal Kat Az in Z is contained in A1x×A2y. Since Z is a
totally geodesic subspace of X ×Y , a+ is a cone in a linear subspace a of a1×a2 where ai=logAi.
Let  be the limit cone of  in G. Since  is Zariski dense in G, using Benoist’s theorem saying
that the limit cone of a Zariski dense subgroup has a nonempty interior,  generates a. We have
 ⊂ a+ ⊂ a1 × a2:
Note that for (; ())∈, since |log 1()|= |log 2(())| where i :G → Ai, and since Z is totally
geodesic,  is contained in {(v; w)∈ a1 × a2‖v| = |w|}. Hence  has slope 1. Identify ai with
Euclidean space. Let {vi = (ai; bi)} be a basis of  (a maximal set of vectors of  which are
linearly independent in a). Then any element in  is a linear sum of vi,
∑
rivi = (
∑
riai;
∑
ribi).
Note that since Gi are real semisimple Lie groups, ri are real. Since |
∑
riai|2 = |
∑
ribi|2, for every
such ri, one gets 〈ai; aj〉=〈bi; bj〉. Furthermore since  generates a+ (a+ can be generated by vi), a+
must have a slope 1 in a1× a2 since for
∑
rivi =(
∑
riai;
∑
ribi)∈ a+, we get |
∑
riai|2 = |
∑
ribi|2
using 〈ai; aj〉= 〈bi; bj〉.
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Since the geometric boundary of Z can be tiled by the images of a+ under the action of G, and
the isometry action does not change the slope, 9Z ⊆ 9X × 9Y × {1}.
Let (x; y)∈Z and (	(t); :(t)) a unit speed geodesic in Z starting from (x; y). Then both 	(t)
and :(t) are geodesics in X and Y , with |	′(t)| = |:′(t)| = 1=√2 since 9Z ⊂ 9X × 9Y × {1}. This
shows that the tangent space of Z at (x; y) is in {(v; w)∈TxX × TyY‖v|= |w|}. We claim that D5i
is an isometry at any point of Z after scaling the metric of Z by 1=
√
2. Since 5i is onto, so is
D5i. Since the tangent space of Z at (x; y) is in {(v; w)∈TxX × TyY‖v| = |w|}, D5i(x; y) is the
norm preserving, which implies that D5i is an isometry at each point of Z . If we can show that
5i is injective, then f = 52 ◦ 5−11 will be an isometry between X and Y . If 51 were not injective,
there exists (x; y1); (x; y2)∈Z with y1 = y2. Since Z is totally geodesic, there is a geodesic 	 in Z
connecting (x; y1) and (x; y2). This will imply that 	′(0) = (0; w)∈T(x;y1)Z with w = 0, which is a
contradiction. The same is true for 52.
Now Z = {(x; f(x))|x∈X }. If (; ())∈ ∩ G, one has
(; ())(x; f(x)) = (x; ()f(x)) = (x′; f(x′));
which shows that f(x) = ()f(x). This implies that () = ff−1. Since  ∩G is normal in ,
(g−1) = fg−1f−1 for ∈1, g∈P1( ∩ G). This implies that
(ff−1)−1()(g)(−1)(ff−1) = fgf−1 = (g);
so (ff−1)−1() commutes with (g). Since G2 has trivial center, we get ff−1 = ().
So 1 and 2 are conjugate by an isometry f.
Remark. The theorem remains true even if  preserves the translation lengths on a su5ciently large
number of elements. See [16,18].
5. Proximality and a Margulis question
In summer 1998, Margulis raised the following question during the rigidity conference at Paris,
based on a Selberg’s work that a uniform lattice in SL(n;R)(n¿ 3) can be conjugated into a group
whose elements are algebraic matrices: let 1; 2 be Zariski dense subgroups in SL(n;R)(n¿ 3)
which are isomorphic by . If
ln i()
ln i(())
=
ln j()
ln j(())
for a su5ciently large number of ∈1 and 16 i; j6 n, where i denotes the ith eigenvalue, are
they conjugate?
In this note we answer the question in the a5rmative for any higher rank real semisimple Lie
groups G using the main theorem.
We introduce several de@nitions following after [2]. Let V be a normed vector space and g∈
End(V ) − 0. An element g of End(V ) − 0 is said to be proximal if it has a unique eigenvalue 	
such that |	|= 1(g), where 1(g)¿ · · ·¿ n(g) are the set of absolute values of the eigenvalues of
g, and 	 has multiplicity one. Let a+i = {a∈ a+|	i(a) = 0} for 	i ∈' where ' = {	1; : : : ; 	r} is the
fundamental system of the positive roots, i.e., a+i is a wall of the Weyl chamber a
+ corresponding
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to 	i. By Tits [25], there exist irreducible representations i of G into Vi whose highest weights ?i
are the multiples of !i (considered as a character on A) and dim(Vi)?i = 1, where !i is such that
2(!i; 	j)=(	j; 	j)=@i; j. Then for any g∈G, i(g) is proximal iM log((g)) is not in a+i (see [1, p. 9]).
De)nition 1. Suppose A ⊂ '. An element g∈G is called A-proximal if it satis@es one of the
following:
(1) for all 	i in A, log((g)) ∈ a+i and
(2) for all 	i in A, i(g) is proximal.
So if A =', g is '-proximal iM log((g)) is regular (see [1, p. 12]). We call such an element
regular hyperbolic. Note that the set of hyperbolic elements in a Zariski dense group is Zariski dense.
Denote B1(g) = ‖g‖ the norm of g: 1(g) = lim B1(gn)1=n the spectral radius of g. Denote v+g the
eigenvector of 1(g) whose norm is 1. Let x+g be a point in P(V ) corresponding to v+g , V¡g the
g-invariant hyperplane complementary to x+g , X
¡
g = P(V¡g ). If g; h are two proximal elements in
End(V ), denote :1(g; h) the real number de@ned by v+h − :1(g; h)v+g ∈V¡g . If g1; : : : ; gl = g0 are
proximal, denote
1(g1; : : : ; gl) ='16j6l |:1(gj−1; gj)|:
Suppose G is a higher rank real semisimple Lie group and i are irreducible representations and
suppose g1; : : : ; gl = g0 are '-proximal with x+i(gj) ∈ X¡i(gj−1). One denotes (g1; : : : ; gl) the element
in A such that ?i((g1; : : : ; gl)) = 1(i(g1); : : : ; i(gl)).
Then (see [2, Corollary 3.5])
Lemma 2. Suppose g1; : : : ; gl are '-proximal elements (i.e. hyperbolic elements) in a higher rank
semisimple Lie group of noncompact type. Then
lim
n→∞
(gn1 · · · gnl )
(g1)n · · · (gl)n = (g1; : : : ; gl):
For any pair of hyperbolic isometries g and h, we call (g; h) the cross-ratio determined by g and
h. We will justify this terminology in Section 6.
First we need the following proposition.
Proposition 3. Let 1; 2 ⊂ G. Let  :1 → 2 be a surjective homomorphism. If log () =
k() log (()) for all ∈1, then k() is constant for regular hyperbolic elements .
Proof. Let g; h∈1 be regular hyperbolic elements such that log ((g)) and log ((h)) are linearly
independent in a. This situation is generic for generic choice of g and h. Let
(1) lim
n→∞ [log (g
nhn)− log (gn)− log (hn)] = log (g; h),
(2) lim
n→∞ [log ((g
nhn))− log ((gn))− log ((hn))] = log ((g); (h)).
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Set
log (g) = k1 log ((g)); log (h) = k2 log ((h));
log (gnhn) = kn log ((gnhn)):
We want to show kn converges after passing to a subsequence as n goes to ∞. Since by (1)
log (gnhn)− log (gn)− log (hn)
=kn log ((gnhn))− nk1 log ((g))− nk2 log ((h))→ log (g; h);
dividing by kn, we conclude that n=kn →∞ since log ((gnhn))→∞. Then by (2)
kn[n log ((g)) + n log ((h)) + log ((g); (h))± D(n)]
−nk1 log ((g))− nk2 log ((h))→ log (g; h);
where D(n)→ 0. Dividing by n, since kn=n→ 0, we conclude that
(3) lim
n→∞ kn[log ((g)) + log ((h))] = k1 log ((g)) + k2 log ((h)).
So kn should converge as n→∞ and by (3) its limit k should satisfy
k(log ((g)) + log ((h))) = k1 log ((g)) + k2 log ((h)):
Since log ((g)) and log ((h)) are linearly independent, k= k1 = k2. Note this argument does not
hold for rank one case. For given regular hyperbolic isometries g; h, there always exists a regular
hyperbolic isometry k such that log (k) is independent from both log (g) and log (h). This shows
that k() is constant.
Proof of Theorem B. Now it su5ces to show that if a surjective homomorphism  :1 → 2 has
the property that |log ()| = k|log (())| for all regular hyperbolic ∈1, then 1 = 2−1 for
some ∈G. After scaling, one can assume k = 1. We use the same notations as in Theorem 1
and its proof, namely G ⊂ G1 × G1 is the identity component of the Zariski closure of . Let
′ = {(; ())| regular hyperbolic in G1}. We claim that L′ =L, which implies that Z has
slope 1. Then the same argument as in Theorem 1 shows that two groups are conjugate.
By Benoist, L is a convex cone with a nonempty interior in a+ and since L contains elements
like (log (); log (())) where log () is regular (so is log (())), it is not contained in the
walls of a1 × a1. So the set {(v; w)|v; w singular in G1} ∩ a+ ⊂ a+ is of codimension at least 1 in
a+. Obviously
log ()− log (′) = {(log (); log ())|log () singular}:
So the closure of log (′) is equal to the closure of log () which is L.
6. Cross-ratio in symmetric spaces
De)nition 2. Let X be a symmetric space of noncompact type without Euclidean factor with Iso0(X )=
G. Let x1; x2; x3; x4 be four points in X ∪ 9X so that xi and xj, where {ij}= {14}; {13}; {23}; {24},
402 I. Kim / Topology 43 (2004) 393–405
can be joined by geodesics lij, respectively. Let vnij be geodesic segments approximating lij and
oriented from i to j. Then vnij lies in a maximal Kat. Identify this maximal Kat with A (G = KAN )
such that the origin of A is equal to the starting point of vnij. Let a
n
ij be a unique conjugate of v
n
ij in
a @xed Weyl chamber A+ under this identi@cation. Then the cross ratio is de@ned by
[x1; x2; x3; x4] = lim
n→∞
an13a
n
24
an14a
n
23
∈A+:
It is not di5cult to see that the limit exists and it is independent of the choices involved using
horosphere argument as in [16].
Let g; h be regular hyperbolic ('-proximal) elements in X . Then g and h have attracting and
repelling @xed points in 9X , denoted by g±; h±, respectively. Note in this case, (gn); (hn) play the
role of an13; a
n
24, respectively, in our de@nition of the cross-ratio [g
−; h−; g+; h+]. Then as Lemma 2
shows, (gnhn) plays the role of an14a
n
23. When the rank of a symmetric space is one, Lemma 2 is
proved in [16]. Then as in [16]
Lemma 3. The cross-ratio on X ∪ 9X satis7es
(1) [a; b; x; y][b; c; x; y] = [a; c; x; y]; [a; b; x; y][a; b; y; z] = [a; b; x; z].
(2) [g−; g+; F; g(F)] = (g)−2 where F is any point in 9X such that gn(F)→ g+.
(3) [g−; h−; g+; h+] = (g; h)−1 for any hyperbolic isometries g and h.
Proof. (1) Follows from the de@nition of the cross-ratio. (2) Using (1), for F∈ 9X such that gn(F)→
g+, and x on an invariant axis of g
[g−; g+; F; g(F)] ='n∈Z[gn(x); gn(gx); F; g(F)]
='n∈Z[x; gx; g−n(F); g−n(gF)] = [x; gx; g−; g+] = (g)−2:
(3) Just note that the repelling and attracting @xed points of hngn converge to g− and h+, respectively,
and the repelling and attracting @xed points of gnhn converge to h− and g+, respectively. Then use
Lemma 2. See [16] for rank one case.
So combining Lemmas 2 and 3, we obtain
Corollary 2. Let  :1 → 2 be an isomorphism between Zariski dense subgroups in real semisim-
ple Lie groups. Then the followings are equivalent.
(1) 1 and 2 are conjugate.
(2) 1 and 2 have the same marked length spectrum.
(3) (g; h) = ((g); (h)) for any hyperbolic elements g; h∈1.
Proof. (1)⇔ (2) Our Theorem A. (1)⇒ (3) Obvious. (3)⇒ (2) By Lemma 3, (g) is determined
by the cross ratio [g−; g+; F; gF] for some F∈ 9X so that gnF→ g+. But F and gF can be approximated
by the repelling and attracting @xed points of hyperbolic isometries [1] (Lemma 3.6), so Lemma 3 (3)
implies that {(g; h)}; h hyperbolic, determines (g). But l(g) = |log (g)|, so the claim follows.
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7. The space of nonparabolic representations into a semisimple Lie group
It is said that a representation  :→ G is parabolic if the image () is contained in a parabolic
subgroup of G. Otherwise it is called a nonparabolic representation. Let Rnpnk be the space of
nonparabolic representations, up to conjugacy, from a group  into a real semisimple Lie group G
of noncompact type without a center, whose Zariski closures do not contain any compact factor. Let
X be a symmetric space of G.
In this section, we show the following more general result using Theorem A.
Theorem 2. A map
l :Rnpnk → R
de7ned by → (l(()))∈ is an injection.
Proof. Suppose ; ∈Rnpnk with the same marked length spectrum. If they are Zariski dense rep-
resentations our main theorem immediately applies. In general since they are nonparabolic, the
identity components H1; H2 of Zariski closures of (); () are reductive due to Lemma 1. Let
H1 = S1T1; H2 = S2T2 be Levi decompositions of H1 and H2. If Ti is not the identity, there exists a
totally geodesic subspace Yi×Fi in X where Yi is a symmetric space and Fi is a Euclidean space. See
the proof of Proposition 2, Geometric criterion for Zariski density. Let Iso0(Yi)=Gi1×· · ·×Giki where
Gij is a simple normal factor of a semisimple Lie group Iso
0(Yi). Here Gij is not a compact group by
the assumption. Note that Ti acts on Fi as translations with compact quotients and Si= Iso0(Yi) (see
the proof of Proposition 2). Since () is Zariski dense in H1 = S1T1 each projection P1j (()) of
() into G1j is Zariski dense in G
1
j where P
1
j : Iso
0(Y1)× Iso(F1) → G1j is a projection homomor-
phism. This shows that each projection of [(); ()] into G1j is a normal subgroup of P
1
j (())
not equal to the identity. Note that [(); ()] ⊂ Iso0(Y1) since T1 is the identity component of
the center of H1. Take the Zariski closure of [(); ()], then it is normal in the Zariski closure
of (), so it must be Iso0(Y1). The same argument holds for .
Now the restrictions  : [; ] → Iso0(Y1),  : [; ] → Iso0(Y2) have the same marked length
spectrum, and they have the Zariski dense images, so using the group {((); ())|∈ [; ]} one
can carry out the same proof as in our main theorem to conclude that they are conjugate. After
conjugation, we have Y1 = Y2 and
;  :→ G
such that |[;] = |[;].
Then for any ∈; :∈ [; ], (:−1) = (:−1), so
()−1()(:) = (:)()−1()
using (:) = (:).
Let P: Iso(Y1 = Y2) × Iso(Fi) → Iso(Y1) be the projection. Since ([; ]) is Zariski dense in
Iso0(Y2), P(()−1()) is in the center of Iso0(Y1) = Iso0(Y2). Since Iso0(Yi) has a trivial center,
P(()) = P(()). This shows that P ◦ = P ◦ .
Now it su5ces to show that 51 ◦ and 52 ◦ are conjugate where 5i: Iso(Yi)× Iso(Fi)→ Iso(Fi).
Since Ti acts on Fi as translations with compact quotient and 51 ◦ ; 52 ◦  have the same marked
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length spectrum (since  and  have the same marked length spectrum and P1 ◦, P2 ◦ are equal),
it is easy to show that they are conjugate. Indeed, the problem boils down to the one that if 1
acts on Rn and 2 acts on Rm by translations with the same translation lengths and with compact
quotients, then n=m and i are conjugate. This is an easy problem of a linear algebra. Let {vi} be
a subset of 51 ◦ () and {v′i} be a subset of 52 ◦ () such that vi corresponds to v′i. Since they
have the same translation lengths, |vi| = |v′i|; |vi − vj| = |v′i − v′j|. This implies that 〈vi; vj〉 = 〈v′i ; v′j〉.
Since 51 ◦  and 52 ◦  are Zariski dense there exists a generating set {v1; : : : ; vk} ⊂ 51 ◦ () of
F1 such that {v′1; : : : ; v′k} ⊂ 52 ◦ () is a generating set of F2. Then a linear map f de@ned by
f(
∑
aivi) =
∑
aiv′i is an isometry since 〈vi; vj〉= 〈v′i ; v′j〉. This @nishes the proof.
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